Orderings on Calogero-Moser partition of imprimitive 
groups 

Em Hie Liboz 

We extend to all parameters the constructions of the geometric and combinatorial orders on lnG(£, l,n) 
due to [13], as well as the relations with the a and c-functions. This allows us to generalize these properties 
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for the group G{£, e, n), at least for e \ 



n. 



1 Introduction 

O 

£f~) ' This paper deals with the combinatorial representation theory, in particular the description of so-called 

families for the complex reflection groups G(£, e, n) as well as the partial ordering that exists on this partition. 
This field is intimately related to the geometry of flag varieties and the Lie representation theory. 
There has been recent partial progress on this using the geometry of quiver varieties and the representation 
theory of rational Cherednik algebras : let W be a finite complex reflection group, the blocks of H C (W), 

•^ the restricted rational Cherednik algebra at t = attached to W, induce a partitioning CM C (W) of the set 

Irr W called the Calogero-Moser partition. This could generalize the notion of families if W is not a Coxeter 
group (see Q3], [TS], [H] and OQ). 



The aim of this paper is to study certain natural orderings on the set CM C (G(£, e, n)) constructed numerically 

(by a or c-functions), combinatorially (throught the combinatorics of Scores and quotients) and geometrically 
fvi , (via the Bialynicki-Birula decomposition) . 

In the case when e does not divide n, we give explicit links between the geometric and the combinatorial 
ON . orderings and the a and c-functions; moreover for £ — 2, we relate the geometric and the combinatorial 

orderings. 

In the case when e divides n, we propose an interesting normal variety that could play the role that quiver 
^D ■ varieties play for G(£, 1, n), i.e. a variety M. such that: 



• there exists a C*-equivariant morphism M. -f (f) x fy*)/G(£,e,ri), 

• Ai c is in one-to-one correspondence with CM C (G(£, e,n)), 



X ■ 

• the geometric order defined on CM c (G(£,e,n)) using the Bialynicki-Birula decomposition of M. is 

Cd ■ related to the other orderings 

and give evidences for this in the case £ — e = n = 2. 

2 Ordering on C*-fixed points of a normal variety 

In this section, we build an ordering on the set of C* -fixed points of a normal variety, in order to describe 
geometrically some combinatorial or algebraic order relations defined for some complex reflexion groups. 

2.1. Let X be a quasiprojective complex variety with a regular action of C* such that \X C \ < oo. For 
xo G X c , we can define the attracting set 

X Xo — {x G X, lim rj ■ x = Xq}. 

r)— >0 



The transitive closure of the rule 

x -< x 4=> X~ x n x x > ^ 

defines a preorder relation on X c , where X x is the Zariski-closure of X x . 

Remark. In general this relation is not antisymmetric, but if X is smooth then the Bialynicki-Birula decom- 
position of X 

X= [J X x 

iex c * 

is filtrable (see [5]) and -< is an order relation. 
We will now show a more general result. 

Theorem. If X is a normal variety then the relation -< defines an order relation on X c . 

Proof. If X is a normal variety then, by [24]. Th. 1], there is a C*-equi variant locally closed embedding 
l : X <-» P^(C) for some N, where P JV (C) has a C*-action of the form n ■ (x : ■ ■ ■ : x N ) = {r) Wo x : ■ ■ • : 
rf N x N ) with Wi G Z, for any 77 £ C* and (x : • • • : x N ) G P N (C). 

Let us describe the attracting sets of P Af (C). We can write {0, . . . , N} = C\ U • • • U C r , where Ci — {k G 
{0, ...,N}, w k = a} and c\ < c 2 < ■ ■ ■ < c r . Then the fixed points of ¥ N {C) are {x : ■ ■ ■ : x N ) G V N {C) 
where \fj £ Ci, x 3 ■= 0. Thus the connected components of P Ar (C) c are 

Wi = {(x ■.■■■:x N )£ W N (C),Vj i C h %i = 0} 

for 1 $C i ^ r and Wi is isomorphic to pl c ' i l _1 (C). Then the set 

P"(C)< := [) xeWi V N (C) x 

= {(yo : ■ • ■ : Vn) e P Ar (C), 3j G Ge, % / and Vj G ft U • • • U C l - 1 , y 3 = 0} 

has the following properties : 

P Ar (C),~pl c 'l- 1 (C) xAl Ci + 1 l + '" + l c 'l(C), P Ar (C) J ~P |c * l+ - +|c '- | - 1 (C) and P JV (C)» = (J 



P Ar ( 



Moreover, if x G Wi then P 7V (C) a; = p^ 1 {x} is closed in P w (C) l , where p is the projection on pl^l-^C). 
Let x et x' G X c such that X^llX^ 7^ et X x > C\X X 7^ 0. We have to show that x = x' , using the embedding 
1 : X <-> V N (C). If i(x) G Wi then X x satisfies t(3Q C t(Xj and i(X x ) C P jv (C) t(:r) G P Ar (C) t . Thus, if 
t(a;) G Wi and t(a/) G W#, then combining X~ x n X x / ^ with X^nX^ ^ 0, we obtain P 7V (C) 4 nP Ar (C) J ^ 
and P Ar (C) J n P w (C) l 7^ 0. Thus, it follows from the above description of ¥ N (C) l that i = j. Finally, since 
P 7V (C) t(a;) and P N {C) L(xl) are closed on P N {C)i, the fact that JFfC)^ n P w (C) lM is not empty shows 
that i{x) = i(x') and x — x' . 

□ 

2.2. Let X and Y" be two varieties as in ij2.11 Assume that there exists a C*-equivariant, surjective and 
projective morphism 7r : X — > Y. Then, providing X = \_\ x€X c * Xx, we will compare the attracting sets of 
X and Y. For instance, it is easy to check that: 

Lemma. 7r(J^ c "') = Y c ' and for y G Y c * ,Y y = (J n(X x ) 

xex c * 

Tr(x)=y 

If X and Y are normal we will denote by ~< the two orders on X c and Y c defined as in 12.11 The 
compatibility of 7r with these orders is established in our next result. 



Proposition. Let x, x' G X 



c* 



1. x -< x' => tt(x) -< ir(x') 

k(x) < TT(X') => 3xi,X 2 ,x' 2 ,x' 3 ,...,X m l IT (x i) = IT (x) , ir(x m ) = Tt(x') , 



2. 



Proof. 



V2^i^m-1, Tr(xi) = 7r(xQ 

Vl^i^m-1, 03j -< Xj+i if i $• 2Z and a;^ -< a^ +1 i/ i G 2Z. 

1. We use Lemma |2~21 and the fact that it is closed to show that 



X x nX x ,^<H =$> / tt(X x n X K /) C 7r(X x ) n n(X x ,) = ir(X x ) n ir{X x ,) C F ff(x) n l^^) 
and we conclude by definition of -<. 
2. In the same manner, since X has a finite number of fixed points, it is easily seen that, for y, y' G Y c 



( 



Y y nY v ,^ 
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U < x *) 
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xex- 



7T(x) = 
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|J 7T(X X , 



■ x'ex c * 

\7r(x')=a' 



/ 



U < x *) 
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x£X 



\7r(x)=y 
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U «( x *>) 



x'ex 



\ir(x')=y' 



J 



We can now show, using the equality X — \_\ xeX c* X x , that there exists x, z G X c such that n(x) = y, 
7r(z) = y' and X z fl X z ^ and we conclude by definition of -<. 

D 

We suppose now that it is the quotient by a finite group G that acts regularly on X and such that this 
action commutes with the C*-action. In this case, Y = X/G and all the points of 7r _1 (y), with y G (X/G) c , 
are fixed. We thus get a bijection between X c jG and (X/G) c . Moreover, using the fact that g ■ X x = X g . x 
for g G G, we can improve the result of Proposition 12.21 



Corollary. IfY = X/G where G is a finite group, then for x, x' G X c : 

tt(x) -< tt{x ) •<=>• 3 g G G such that x -< gx . 



3 The cast 

3.1. Groups G(£ , 1, n). A partition of a positive integer n is a nonincreasing sequence A = (Ai ^ X2 #* 

• • • #* A r ) of positive integers with sum n. We write |A| = n and we denote the dominance order on the set 

V{n) of partitions of n by <, so that A < /i when Ai + • • • + Aj S$ (j,\ + • • • + \i% for all i. An ^-multipartition 

I 

of n is an ^-tuple of partitions A = (A 1 , . . . , A^) with 2, |A*| = n. 

We first concentrate on the complex reflection group W = G(£, l,n) ~ (fJ-e) n x &n (see the classification 
of Shephard-Todd in |23|). where £ and n are natural numbers, /ig is the cyclic group of order £ and ©„ is 
the symmetric group on n elements. This group acts naturally on its reflection representation t) = C ra and 
Irr W is labeled by the set V(£, n) of i'-multipartitions of n: 

InW = {E x , A =(\\...,\ e )eP(£,n)}. 

The set S\y of complex reflections of W has £ conjugacy classes: So = {sija^aj r , 1 ^ i ^ j ^ n and ^ 
r ^ £ — 1} and St = {c|, 1 ^ i sj n}, for 1 ^ t ^ £ — 1, where Sjj is the permutation matrix and er^ is the 
diagonal matrix with just one term Oj^ different from 1 which is equal to Q — exp I ^j— ) . 

3.2. Cherednik algebras. Let h = (h, Hi, . . . , fl^_i) G Q e , (j/i, . . . , y n ) the canonical basis of t) and 
(xi, . . . ,x n ) the dual basis associated with (yi, . . . ,y n ). The rational Cherednik algebra Hh(W) associated 
with W = G(£, 1, n) is the quotient of T(fj © f)*) x VF by the following relations (see [H 2.6]) : 



1 l-l I £-1 

t 



[yu x t \ = -h^2^2 s ^^ a j T - X) \Lj o tJH j ) a 

r=0 j^i t=l \j=Q 

t-1 

[yi,Xj] = h^ Qs i>j a^aJ r if i ^ j. 

By 4.15], we have an inclusion C[f)] w <g> C[f)*] w C Z(F h (W)), where Z(# h (W)) is the center of H h (W). 
This allows us to define the restricted rational Cherednik algebra 



H h (W) := H h (W)/ ((C[t)] w ®C[t,*} w ) + H h (W)) 

where (Cf^^ <g> C[t)*] w )+ denotes the ideal in C[i)] w <g> C^*] 117 of elements with zero constant term. The 
PBW property (see [SJ 1.3]) implies that 



co\v *->, itttj/i o ^ptu^ic ^ 7 



ff h (W) ~ C[f)] coM/ C C[W] ®c C[f) 

as vector spaces, where C[f)] coW/ := C[()]/(C[f)] )+ is the coinvariant ring of f) with respect to W . In particular 

dime H h {W) = \W\ 3 . 

Finally, it has been shown in |T3l 4.3] that Irr H^W) can be naturally identified with IrrW^: 



IrrFh(W) = {L b (E), E G Irr W}. 

Therefore the blocks of the restricted rational Cherednik algebra induce a partitioning of the set Irr(W) 
called the Calogero-Moser partition and denoted by CM^iW) (see [TS] for more details). Moreover, we can 
define an ordering on V(£,n) according to the value of the c-function that assigns to A G V(£,n) the scalar 
Ch(A) by which the Euler element eu G Z(Hh(W)) acts on the simple i?h(W / )-module Lh(E\): 

A ^ c /i <=^ c h (A) < c h (/i) or A = /z. 

3.3. Cyclotomic Hecke algebras. Let r G Z>o, m = (m° , . . . , m 1 ' 1 ) G Q e such that rm % G Z for 
all % = 0, ...,£ — 1 and let q be an indeterminate. The cyclotomic Hecke algebra 7iq, m (W) corresponding 
to W = G(£,l,n) is the associative algebra over C[q ±:L ] which is free as a C[q ±:L ] -module, with basis 
(To, . . . , T„_i) satisfying the braid relations: 

T,T 3 = T 3 T t ii\i-j\>l, 

TiT i+ iTi = T i+1 TiT i+ i if 1 < i < n - 2, 
ToTiToT! = TiToTiTo, 

and the following relations: 

f-i 

II( To _ Ciq"" J ) = and (T, ; - q r )(T 4 + 1) = for 1 < t < n - 1. 

3=0 

Let L be the field generated by the traces on t) of all the elements of W, let /z(L) be the group of all 
the roots of unity of L and let z be an indeterminate such that q = z'^ L 'K According to [SJ Prop 4.3.4], 
C(z) <8>c[q±!] T~L^ m (W) is split semisimple. Let A G V{t,n) and let s\ G C[z ±:L ] be the Schur element of 

C(z) Cgiqqi 1 ] 'H-q,m(W) associated with E\ (see |TUJ Chap. 7]). We seta m , r (A) := — valq(s\) = — va ^ ■ 
In the same manner as the c-order, we will consider the ordering on V(£, n) induced by the a -function: 

A <aM <^=^a h (A) <a h (p) orA = /z. 

Remark. For r < we will use the formula of [6] 4.2]: a m r (A) =a m - r (*A) to define the a-function, with 
'A =( t A 1 ,..., t A f ). 



3.4. Combinatorial orderings. Let us consider two other orderings denned on V(£,n). 

The first one is associated with the symbols of a multipartition (see (Tl] §5.5]). Let m = (m°, . . . , m l ~ l ) 
£Q e ,X = (A 1 , . . . , X 1 ) £ T(£,n) and, for 1 < i < £, let h 1 := /i(A l ) be the height of the partition A\ For 
^ i ^ £ — 1, we put /ic* := h t+l — m z and hc x := max(/ic°, . . . , hc 1 ^ 1 ) and we denote by [£] the integer part 
of a non- negative rational number t. Let s be an integer such that s ^ /ic A + 1. we call the shifted m-symbol 
ofX of size s: 

( <B° 

with <8* = /3 l (s - he 4 ) for < i < £- 1, where j3 l = (AJJ+i, • • • , A} +1 -j + h l+ \ . . . , X\ +1 - 1 + h l+1 ) and for 
/3=(/3 1 ,...,/3 fc )andt^O, 

AM-/ OSi.-.-.A) if<Kt<l 

PW ' \ (t-[t],t-[t] + l,...,t-l (i 8i + t,.-.,i8fc + t) ift>l. 

Example. Let £ = 2, n = 5, A = (0; (3, 2)) and s = 4, 

/ 1 3 5 7 
B?iM(A)=' 2 2 2 2 



(3.0) v ; ^0146 

Let Ki Js ••• ^ K t be the elements of QS^tA) written in decreasing order (allowing repetition), with 
t = £s + ^m l . We set 



i=0 

t M t 



<(A) = ( Kl ,..., Kt )and^(A) = £^^( Kl - J )=^E^T^( 2 ^-N)- (1) 



i=l j=0 



Remark, (i) It is easily seen that the rational number > «j does not depend on A . We still use the term 



t=i 



of "partition" for (t^(A), even if the ft,-'s are not integers. Moreover, we extend the definition of dominance 
order < to sequences of rational numbers in a obvious way. This allows us to define an order relation on 
V(£,n) by comparing the associated partitions k^ ii (X): 

X < K /X <^=^ «m(A) <! ^mO") or -^ = /*• 

(ii) The group ©£ acts naturally on T 7 ^, n) and Q e in the following way: let w € &t, X = (A 1 , . . . , A^) 6 V(£, n) 
and (gi,...,&) £ Q*, 

W -A=(A U ' (1) ,...,A"' (£) ) and w (q 1 ,...,q e ) = (g„,-i(i), . . .,g^-i(*)) 

and by definition, we have ft^. m (w • A) = k^„(A ). 

The second ordering we define on V(£, n) is associated with an other partition, its construction is due to 
[T4l §6]. Let p be a partition and let s 6 Z. We associate an infinite set of strictly decreasing integers : 

Pa{p) = (pi + s,p2 + S - 1, ■ • ■ , pj +S-J + 1,...). 

It is clear that we can recover p and s from this set since the sequence stabilizes to s + 1 — j for j ^ h(p) + I. 

Let A € P^, n) and s S Zj := {(so, • • ■ , s^_i) G Z f , V~, s i = 0}- For 1 ^ j ^ £, we set 7i to be the decreasing 

i=0 

infinite sequence : 



Ti--{(l(x-l)+i, ieft,-i(A')} 



i 



The partition r s (A) is denned as the unique partition p such that fto(p) is the set T = I \ Ti written in 
decreasing order. This procedure yields a bijection 

Zgx [J V(i,M) -> [J P(JV) 

(S,A) 1-4 Ts (A). 



Remark. If we define, for w € &i and s = (so, • • • , s^-i) S Zq, w • s = (s , . . . , s^j) where for 1 $J j ^J £ 



^ then we can still define t w . s (w ■ A ) (because \J s^ = and ls\ e Z £ for all i) 



4=0 

and, by definition, t w . s (w -A) = t s (A). This action of ©^ on Zq could look mysterious but we will see later 
fsee l4.3|) that in fact it is natural. 

Example. t (1 ._ 1} ((2, 2, 1); 0) = (5,4,1,1) because ft ((2,2, 1)) = (3,2,0,-2,-3, -4,...) and /3_i(0) = 

(-1,-2,-3,-4,...) thus 

71 = {2(3-l) + l,2(2-l) + l,2(0-l) + l,2(-2-l) + l,2(-3-l) + l,...} 
= {5,3,-1,-5,-7,-9,...} 

T 2 = {2(-l-l) + 2,2(-2-l) + 2,2(-3-l) + 2,...} 
= {-2,-4,-6,-8,...} 

and A)(T(i,_i)((2, 2, 1); 0)) = (5, 3, -1, -2, -4, -5, -6, -7, -8, . . .). 
Our next theorem compares the different orderings we defined on V(£,n). 
Theorem. Let m e Q e , s an integer such that s ^ max{/ic A , hc^} + 1 and r £ Z>o- 

1. fUJ 5.5.16] n s m {\)-in s m (jjL) =$■ o m , r (A) >a m>r (/i). 

2. // h = (/j, iJ 1: . . . , Hi_i) is such that h = r and for 1 ^ i ^ £ — 1, i^ + • ■ • + _ff j = = rm l then 

<i( A ) < O) => c h (A) < C h (/i). 
5. Lef s = (so, . . . , s^-i) £ Zq. If m is defined by m l = —Si — \ for ^ i ^ £ — 1, f/ien 

r 8 (*A) <t b (V») <S=S> O) < «4(A). 

^. Lei s = (so, ■ • ■ , st-\) S Zq. If m is defined by m % — sg,—\-i — 4 /or ^ i ^ £ — 1, then 

7-.(*X) <T.rt») <=*■ «£,(*) < <>)■ 

Remark. The relations h — r and i?i + • • • + iJ,; = rTTi* for 1 ^ i ^J £ — 1 are the same as tarcj) — h(c.j) given 
in [7j 3.3] with the following changes of the parameter space : h = h(d,o) — hfCx,!-)) ^ = h(c 2 .i) ~ h(c 2 .i-i) 
for all 1 ^ i ^ £ — 1 (see |19[ 3.1]), r = m^o) — m^ci) and for ^ j ' ^ £ — 1, m J ; = — ( ^ 2,3) . From now on, 
we will denote equally a mr , ah, c mr or Ch, considering this change of parameters. 



Proof. 



2. Thanks to the formula of [2H 6.2], it is easy to show that the c-order is the same as the order- 
ing associated to the function N^(X) we defined in (p} (see [18J for more details). Thus it is suf- 
ficient to show that if k^X) < it^) then N^(X) < N^Qi). Let us suppose that there does 
not exist a partition k such that k^(A) < k <\ n s m (n). It follows from [17l 1.4.10] that there 
exists j > i such that : k^X) = (Ki,...,Ki-i,Ki,Ki+i,...,Kj-i,Kj,Kj+i,...,Kt) and n s m (p,) = 
(ki, . . . , Ki—i, k[, Ki+i, . . . , Kj—i, Kj, Kj+i, ■ ■ ■ , Kt)i with k[ = Kt + a and k'j — kj — a, where a > 0. 
We can write 

S*o^£&2-/.w-/. W) , 

with / Q : a; G IR + t->- g+gkiigj (2x + 2a — [x + a] — [x] — 1) + ax a strictly increasing function. The 
conclusion follows easily. 

3. Let Wo := (1, t)(2,£ — l)... be the longest element of &g. Using the second remark of 14. 31 and the fact 
that Tg(X) =' (t s (A)) where s = (— se-i, . . . , — sq) and A = (*A f , . . . ,* A 1 ), we obtain 

7- 8 (*A) = t s (wq -A) = t u , . s (A) =* Tw^s(X), 

with (wq ■ s)j = — Sj + ^—7-^. Then we have to compare the sequences 0o{tw^b(X)) and k^,^) f° r 
chosen parameters. 

t 
But /3o(tuj^Fs(^)) corresponds to M % where, for 1 ^J i ^ I, 

; = 1 

i 

I 



Ti={i[X)-3-s i - X - 1 )+l-l, j^l 



Let m l = —Si — j and s ^ max{ft,(A l ) — m l , ft(jU l ) — to 1 , 1 ^ i ^ £} + 1, we obtain : 

™/~ 2) + a = (A'i-l + m l - 1 +s,...,Aj i(As) -/i(A l )+m I - 1 + s, 

m 1 - 1 + s - /i(A') - 1, . . . ,m i - 1 + s- ft(A') - [m* -1 + s - ft(A')], 
m 1 - 1 + s - h(X l ) - [m 1 - 1 +s- h(X 1 )} - 1, ... ) 

consequently 

*-<f- 3 > + . = a". 

where*' = (<8; +[ , nl| , . . . ,<8<,<Bj - 1,9)', -2,...) if 3' = («',••■ ,'8; +[ „,, | ). 

Therefore, if we denote by k^„(A ) the ordered sequence corresponding to 25 = (55°, . . . , 25 f_1 ), we have 

A)(tw^(A ))+£« = *«£(A ) + £ - 2 



and hence 



r 8 (*A) < r a (V) ^=^ 7ws(/i) < r W 7g(A) 

^=^ & (tuSo^(/0) < A) (t-zj^-s (A ) ) 

<^ K^(^)<K^(A) 

<^ O) <K^(A). 



4. Since t s ('A ) = t s (wo ■ A) and Sj_i + | = m ' + 1 = (u>o • m) 1 x + 1 for all ^ i ^ I — 1, in this case 
the set 71 is such that 

— - 1 + s = S 1 " ^ 1 

and we can conclude in the same manner of 3. 

□ 

3.5. Quiver varieties. Let Q be the cyclic quiver with t vertices 0, ...,£ — 1, let Q^ be the quiver 
obtained by adding one vertex named oo to Q that is joined to by a single arrow from oo to 0. Let Qoo be 
the quiver obtained by inserting an arrow in the opposite direction to every arrow in Qoo- 
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We consider the quiver varieties related to the quiver Q OQ1 following [14, §3]. 

Let R(n) := Mat„(C) f © Mat„(C) f © C™ © (C n )*. The group G(n) := GL„(C) f acts on this space in the 

following way : for g = {go, • • • , 9£-i) 6 G(n) and (X,Y;v,w) = (X , , . , ,X(.-i,Y , , . , ,3^_i; v,w) G R(ra) : 

3 • (X, Y; u, w) = (giXng^ 1 , ..., gaX^gJ^gnYng^ 1 , ..., gt- i Yt_ 1 gQ 1 ; g a v, wg^ 1 ). 

Associated to some symplectic form on R(n), let /ic be the G(n)-equivariant moment map defined by 

f R(n) -> Lie(G(n)) 

Mc : \ (X,Y;«,«;) H- [X,Y]+vw 

(here we identify Lie(G(n)) with its dual using the trace pairing). Given 8 = (9q, • ■ • >^-i) S Q £ , we can 
introduce a complex variety : the geometric invariant theory quotient 

Me(n)=fic 1 (0)// e G(n). 

i-i 
Let us explain this notation. For 9 G Z^, let x# be the character of G(n) defined by xe(.9) := TT(det g^ ) ^^ 

i=0 

and for G Q e : 

C^O)]*' 6 := {/ e C^O)], V 5 G G(n), g-f = xMd)f} 
if j6> G Z f and C^ 1 (0)]*° := if not. The variety M e (n) is defined by 

Me(n):= Proj©C[^ 1 (0)]W 

and is projective over .Mo(n) — (f) x t)*)/W (see [14, §3.9]). Therefore, when jMj(n) is smooth, this gives a 
symplectic resolution of this singular quotient variety. An other link between these varieties and the algebraic 
problems we consider is the fact that, if £ = 1, then the Cherednik algebra H^lW) provides a quantization 
of the Hilbert scheme of n points on the plane, the relevant quiver variety in this special case. 

Let us now describe some regularity properties of these varieties. The following result was proved by |141 
4.4]. 



Lemma (Gordon). Let h = (h,Hi, . . . , Hi-\) € Q e and set 9 = (—h + Ho,Hi,...,Ht-i) > where Hq = 
— {H\ + • • • + i?£_i). Then the variety A4g(n) is smooth if 6 does not lie on one of the following hyperplanes 



h = or {H t 
where l^i^j^£— 1 et \ — n ^ m ^ n — 1 . 



H 4 



ih = 



We denote by H reg the open subset of H := {h = (h, H\,.. . ,iJ^_i) e Q 1 } obtained by removing the 
hyperplanes occurring in this lemma. Abusing terminology, we will call them the GIT walls and consider 
that they define the GIT chambers inside of which the corresponding varieties are smooth and isomorphic. 




Mg{l) and M (l) ~ C 2 /^ 2 , for h g H re s and W = G(2, 1, 1). 
Let 9 and 6 ' be two parameters such that : 



• 9 ' is on a GIT wall 

• 9 belongs to a chamber in front of this wall 



then, according to the following result, the variety Mg{ri) is a resolution of singularities of A4gi(n). 
Theorem. There exists a projective and surjective morphism ng.gi : A4g(n) — > Mg>(n). 

Proof. Some results of Nakajima give others descriptions of quiver varieties. Indeed, dU 3.3] and [1201 2.9 
(1)] claim that Mg{n) — ^ 1 (0) e " s /G(n) and Mg>(n) — /^(O) //g>G(n) (for the definitions of stability 
and semistability, see [H 2.4 (2)]). Moreover [HI 2.12 (1) and (3) (a)] show that ^(O) 6 ' 8 = ^(of'** C 
fj.^ (0) , hence the morphism 7T$$' : M.q{u) — > M.$'(n) exists. This morphism is such that the diagram 



Mg(n) 



Mg,{n) 



M (n) ~ (I) x lj*)/W 

commutes. Therefore, since 71^0 and 7rg'.o are projective, 7^9/ is projective. For the surjectivity, 
claims that all strata in irg : gi(A4g(n)) are relevant in A4g>(n) for a quiver of affine type. 



2.24] 
□ 



For parameters h' e H - H reg and ' = (-h + H , iTi, 

the next result shows that this variety is normal. 



,Hi-\), we do not know if M.$'(n) is regular but 



Proposition. For all h € H and 9 = (—h + Ho,Hi,...,Hi-i), A4g(n) is a normal variety. 

Proof. According to [HI 1.1], we know that M. (n) is normal. But, [2Dj (2.3)] shows that : Mo(n) = 
M cl x _Mo° rm , where M el is an affine space. Thus €>m = OM"" m [^i, • • • , X n ]. Combining this with the 
fact that Om is integrally closed, we obtain that M^ mrn is a normal variety. Moreover, JSUJ §2-7] shows 
that Aig(n) is locally isomorphic to A4o° lm x T where M.Q° rm is normal (because this variety is very close 
to A4o° Tm : only the spaces (V, W) change) and T is the product of a vector space with an affine space. 
Therefore M.g(n) is a normal variety. □ 



4 Geometric ordering on CM h (G(£, l,n)) for h £ H. 

Throughout this section we will assume that h and0 are related by the usual rule# = (—h+Hg, Hi, . . . , Hi^i). 
Using the two previous sections, we are now able to give a geometric description of CMh(G(£, 1, n)), thanks 
to the quiver varieties A4g(n), and we can build a geometric ordering on CMh(G(£, 1, n)) for all h G Q e . 
Then we will relate it with combinatorial and algebraic orders already defined on V(£,n). 

4.1. Geometric description of CMh(G(£, 1, n)) for h 6 H. There is a C*-action on Mg(n) induced 
by the following hyperbolic action on R(n) : r\ ■ (X, Y; v, w) = (?]X, r\~ x Y; v, w). 

Theorem (Gordon). Let h = (h, Hi, . . . , J^_i) G H. Then the C* -fixed points on Aig(n) are naturally 
labeled by the Calogero-Moser blocks of G(£,l,n). Moreover, if H G H ,e9 then the blocks are singletons. 

For the proof, based on the existence of a C*-equivariant homeoniorphism between AAg{n) and the Calogero- 
Moser space SpecmZ(i?h(W / )), we refer the reader to [TH 5.1]. 





The two fixed points of M g {l), for W = G(2, 1, 1) and h G H re «. 

4.2. Definition. According to Theorem 12.11 and Proposition 13.51 for all h G H, the transitive relation 
generated by the rule 

is a partial order, where Zg(n) :— 7r^" l (f) x {0})/^] and Zg(n) xg ^) '■= {z G Zg(n), lim^o -q ■ z — xg(X)} 

is the attractive set associated to xg(X). 

Remark. The construction in the smooth case was made by Gordon in [141 5.4]. We generalize his work for 
all h thanks to the results of the section 12.11 



Attractive sets of Mg{l), for W = G(2, 1, 1) and h G H r °s. 

We see in this picture that, for £ — 2 and n = 1, we have gray point -<h black point. 

4.3. Relations with other orders for h G H reg . Abusing notation, from now on, we will consider H = 
{(h, Hi, . . . , i?£_i) G Q , h ^ 0}. According to [14], 7.12], we have a partition of H reg in alcoves, where the 
alcove a(s, w, +) corresponds to the chamber that contains # g = w^ 1 (1 + (sq — S£_i, si — sq,..., s^_i — st-2)) 
and a(s,w,—) to the chamber that contains q = w _1 (— 1 + (s^-i — so,s^-2 — S£-i,...,So — si)), where 

1= (-,...,-) e^se^andtDeSf. 

Remark. The action of &i on Zq we defined in 13.41 is such that, for w' G &£, a(w' ■ s, w'w, ±) = a(s, w, ±). 
Moreover, if we set 6 = (— 9o, — 0£-i, . . ■ , — 61), forO = (80, . . . ,6^_i), then wehave : 6 Ga(s,zrf,+) -t==^ 6 G 
a(s, id, — ). This will allows us to consider only the alcoves of the form a(s, id, +) from now on. 
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Proposition (Gordon). Let 6 £ a(s, id, +) and fei v s be the t-core associating with s £ Zq fsee \1£\ 6.4])- 
We set N — in + \v a \. Then we have two bijections 

V(£,n) ^ (M e (n)) c ' O V V .[N) 
A h^ x e (A) h^ t s (*A) 

where V Va {N) is the set of the partitions of N whose £-core is v s and t s ( A) is i/ie partition we defined in 



The first bijection comes from Theorem 14 . f I and it is compatible with the "-involution in the following sense. 
By [T4l 7.1], there exists an isomorphism (f> : J\Ag(n) — >• A4g(n) such that 0(xg(A)) = xg(\). The second 
bijection was proved in |14[ Lem. 7.8 and prop. 7.10]. 

Let us now recall the definition of the combinatorial ordering made in |14| §7]. It depends on the alcove 
containing the parameter 6 in the following way : 

• for £ a(s,w, +), 

A <0/Z <^=^ T 3 (lV •*/*) <T a (w -'A), 

• for 9 £ a(s, w, — ), 

A <\en ^=^ T a (w- t ~jl)<T a (w t \). 

Remark. By definition and according to the remark [4.31 we have 

A <ie n <^=> A <j~p. 

This combinatorial description will allow us to show that the geometric ordering is interesting because 
it is in relation with many other orders which appear in the representation theory of reflection groups. The 
left part of the next result : 

A < e M =^A <en 

a h (A) <a h (/i) 
Ch(A) > c h (/z) 

comes from [H 5.4, 7.12, 9.3]. 

Theorem. Let h £ W e v andd = {-h + Hq.Hx, ..., fl^_i). Then, for seZ' and w £ & £ : 

• if 6 £ a(s, w, — ), then 

* , , > . fi-i-i-| , . . . r>o J a mr (A) < o OTr (/i) 

A^ eM ^A^^.—^.^X^A)^! Cmr(A) > Cm ^ } 

a h (A) <a h (/0 

c h (A) > c h (/i) 

• if 6 £a(s,w, +), then 

\-<eH =^A<e/x -: J ' "> n s m (X) < K s m (p,) 



( ro . m )'= 
•*.-- - r<0 J a m , r (A) < a m , r (fi) 



c m,r(A) > C m . r (/i) 



4 

o h (A) <a h (/i) 
Ch(A) > c h (/i) 

where s is an integer such that s Js max{/ic A , hc^} + 1. 
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Remark, (i) The relation obtained between the geometric and combinatorial orderings and the dominance 

order on the partitions K m (A) c °uld be interesting because this order is related, at least in some cases, with 

the order < C n-, see QH 2.6, 7.11]. 

(ii) The result we obtain for the a and c-functions is less important than the results of Q2] 5.4, 9.3] which 

is for all parameters h but our proof is more direct and the combinatorial order is involved. 

(hi) For I = 2, n = 5, e A = a((0, 0), id, +), A = (0;(3,2)), fi = ((2,2, 1);0) and s = 4, we have 

T(o,o)('A) = (4,3,l,l,l)<(5,2,2,l) = T(o,o)(V)i hence /x < e \. 

Moreover^ 0) (^) = (5,5; 4, 5 ; 3 ; 2, 5 ; 2 ; 1 ; 0, 5 ; 0) <k"i i0) (A) = (6 ; 4; 3,5; 2,5; 1,5; 1; 0,5; 0) 

butK (^,o)( A2 ) = ( 6; 4; 3 ' 9; 2 ' 9; 1,9 5 ^ °' 9; 0)and K J^ o) ( M ) = (5,9; 4, 9 ; 3 ; 2,9 ; 2 ; 1 ; 0,9 ; 0) 
are incomparable and k s , x 0) (A ) = (6 ; 4 ; 4 ; 3 ; 2 ; 1 ; 1 ; ; 0) < (6 ; 5 ; 3 ; 3 ; 2 ; 1 ; 1 ; ; 0) = k% \ (jjl ). 
Thus the dominance order on the partitions K m (A) is not constant on an alcove, that is why we can not 
compare it with <\e for all parameters. 
Finally, we have on Q \ X (A) = 32,5 < 34 = an Q \ 1 (jx) and 0(i j o),i(A) = 40 > 39 = a( 1]0 ),i(/j) thus 

by continuity of the a-function with respect to the parameters (m,r)(see [HJ Prop. 5.5.11]), we can not 
compare the multipartitions A and /i with the geometric order in this alcove. That proves that -<g and <\g 
are not equivalent and all the above implications are not equivalences. 
(iv) Using the formulas h = r et Hi = r(m l — m l_1 ), we get 

• for m l = -Si - \ and r = -1 : = 1 + (s - s^x^i - s , . . . , s £ _i - S^_ 2 ), 

• for rn l = s^_i_j - § and r = 1 : = -1 + (s^_ a - s , s^_ 2 - s^_i, . . . , s - s t ) 

and we recognize the parameters involved in the definition of alcoves, hence the change of parameters is 
consistent. 

Proof. Let us show that 

A < 8 fj, <"' 1 " V CW < K m(A) — 

According to the first remark of !4.3l we just have to consider the case & a(s, id, —). Then — h — 2~] @i < 

j=o 
and r = h > 0. Consequently, according to Theorem I3.4| we have : 



a m 


x(A) 


< 


a m 


,r(p) 


Cm, 


x(A) 


> 


Cm, 


rip.)- 



a m 


r(A) 


< 


«m 


,r(/i) 


Cm. 


r(A) 


> 


^m, 


r (/i). 



A < e /i <^> K m (M)<K m (A) =4> 

For positive alcoves, we have to consider that corresponds to (m, —J"), where m = (—m e ~ 1 , . . . , —m°) with 
— r > 0. If m' = —Si — j then m 1 = 8i-\-i — | + ^-p- and, since the dominance order on the partitions 
K m (A) is invariant by translation on m, we can apply the result we obtained for negative alcoves. 

□ 

4.4. Combinatorial preorder and relations between the orders on CMh(G(£, 1, n) for h 6 H H reg . 

In this section, we generalize the results of the previous section from H rcg to H. It will be useful for the 
study of the groups G(£, e, n) for e ^ 1, see S)5l 

Let us begin with the generalization of [14, 5.4, 9.3] for h' in a wall. Both the a-function and the c- 
function are constant across blocks of Calogero-Moser (see [LH 5.3, 9.2]) therefore we can define a^ (B) and 
c h '(B) for B e CM h ,(G{£, l,n)). 

Theorem. Let h' e H and let B, B' € CM^{G{£, l,n)). Then 

„ , „/ _ J «h'(B) ^ a^(B') 
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Proof. Let 9 inside an alcove in front of the wall where 9 ' lives. According to Proposition 12.21 and Theorem 
PI : 

B< B ,B' <t=> 3X 1 ,X 2 ,X' 2 ,X 3 ,...,X m eV{£ 7 n) : X 1 e B, \ m eB', 
V2^i ^m- 1, Xi and A \ are in the same block 
Vl<i<m-1, Xi ^A, + i if i^2Z andAJ <eX' t+1 if i £ 2Z 
=S> 3Ai,A 2 ,A^A^...,A m e?(l,n) :A 1 6B,A m €fl', 
V2<j<m-1, o h '(Ai) =o h '(A<) 
Vl<i<m-1, a h (A,) <a h (A 4+ i) if i £ 2Z anda h (A •) <a h (A- +1 ) if i £ 2Z. 

Since the a -function is continuous with respect to h, the fact thatah(Ai) < ah(Aj+i) and<Zh(A£) < tth(A ' i+1 ) 
for every h in the alcove implies that Oh'(Aj) ^Oh'(A,+i) anddh(A^) ^Oh'(A^ +1 ). Hence : 

B< g ,B' =► 3A b A 2l A^,... I A ra eP(« I «):A 1 eB,A„ 1 eB', 

V2<i<ro-1, Oh/(Ai)=a h '(A{) 

VUi<m-l, Oh'(Ai) <a h '(A 4+ i) if ig 2Z anda h ,(AJ) sCa h '(A-+i) if i £ 2Z 
=* 3Ai,A 2 ,A 2 ,A^..,A m eP(«,n) :A 1 eB,A m eB', 

anda h '(Ai) ^a h ,(X 2 ) = a h ,(X 2 ) ^a h ,(X' 3 ) = ••• ^a h '(A m ) 
=► 3Ai,A 2 ,A 2 ,A^...,A m eP(!,n) :A 1 eB,A ra eB', 

anda h '(Ai) ^a h '(A m ) 
=► o h '(B)<o h '(B')- 

For the c-function, the proof is the same. □ 

Let us now give a combinatorial description of the geometric order. According to |14[ 8.1], an element 
h £ H has a type J C {0, . . . ,£—1} that corresponds to the fundamental hyperplanes in which lives the &£- 
conjugate of h in the closure of the fundamental alcove Aq (containing 6 o = 1). For instance, the elements 
inside an alcove has type 0. 

Let J C {0, ...,£ — 1} and p £ V(N), for some A £ Z >0 . The J -heart p.j of p is the subpartition of p 
obtained by removing all j-removable boxes with j £ J from p (see |14] 8.2] for more details). The subset 
of V(N) whose elements are the partitions which have the same J-heart pj is called the J -class of p and is 
denoted by ~p J . We are now able to reformulate Proposition 8.3 of |14j . 

Proposition (Gordon). Let J C {0, ...,£— 1} and suppose that 9 ' is of type J and belongs to the closure 
of the alcove a(s,w, +). Let 9 £a(s,u>,+) and let v s be the £-core associating with s. We set N = £n+\u s \. 
Then the C* -fixed points of M.$'{n) are labelled by the J-classes in V Va (N) and the bijection is such that the 
restriction of TTg,g> to the fixed points can be described as the application : 

V(£,n) -> V{V Va {N)) 
X h. ^X) J 

where V(V Vs (N)) is the power set of V Vs (N). 

We are now able to define a combinatorial preorder on CMh>(G(£, l,n)). For0 ' in a wall next to the alcoves 
Ai,...,A q and A, p £ V(£,n), we set : 

A <\e' p <=> 3 A o = X, . . . ,X P — p such that for all ^ i ^ p — 1 : 
31 ^ j ^ q such that, for 9 j £ Aj, X i <\$ d X i+j.. 

We define the combinatorial preorder on CMh/(G(£, l,ft)) in the following way : let B, B' £ CM\ l i{G{£, l,n)), 

5 <g/ B' ^=> 3 A £ B and /i £ B' , such that A <$> p . 

Then we can relate it with the geometric ordering for £ — 2 i.e. for the Weyl groups of type B n . The 
next result compares the Calogero-Moser blocks of B n with the equivalence classes of this preorder. 

13 



Proposition. Assume that 6 ' is a wall and let and 9 be two parameters which belong to each side of 
this wall. If X and /x are in the same block for 6 ' then there exists A o = A,Ai,...,A p =/i such that for all 
1 <i<p-l: 

(A; <eA !+ i orX % <grAj+i) and (X i+1 <\eXi or\ i+ i <g-Aj). 



Proof. The alcoves for £ = 2 are described in [HI 3.5]. We set = (1 - § , § ) and m = (£, 0), then for i e Z 

J, -f), id, +) otherwise Aj = a^^f 1 , ^ 



let Ai = {(d, -d+1), i < d <i + l}. Hi £ 2Z then At = a((§, -|), id, +) otherwise Aj = a^^, *§ i ),(7,+) 



where er is the transposition (12). 

Lemma. Lei m = (-, 0) with - £ Z and m ± i = (^ ± i, 0) . //A and /z G V(2, n) are such that X / \x 
and if s ^ n + 1 t/ien : 

K m (A ) = K m (A 1 ) === ' > 3Ao=A,Ai,...,A p =/i suc/i £/ia£ VO^i^p- 1: 

Proof of the lemma : If k^(A) = K^fp) then 23^ (A) and QS^^) have the same elements. We first suppose 
that we can obtain ^^(/i) from 03^ (A) by permuting two elements and show that 



• 



either k' i(A) < k* ±(/z) and «" _ ,>) < k* ±(A) 



• or/t s , ! (A ) > k s . i (u ) and n s 1 (li) \> k s i(X). 



In the general case, the sequence of multipartitions Ao, ■ • ■ ,A P will be built step by step. 
Let 

x l> > X s+- 



where, for 1 ^ k ^ s — h^X 1 ) + -, xu — k — 1 and for 1 ^ k ^ ^(A 1 ), x s+ b +1 _ fc = A J. — k + s + ^ are such 

that x\ < X2 < ■ ■ ■ < a; s +jL, 

and for 1 ^ k ^ s — h(X 2 ), yk = k — 1 and for 1 ^ k ^ h(X 2 ), y s +i-k = X 2 . — k + s are such that 

yi <y 2 < ■■■ <y s - 

Let us suppose that 2$m(/i) differs from 03^ (A) by a permutation Xi <-> j/j, with Xi < yj- Therefore for all 

1 $C k ^ s, yk 7^ Xj and : 

where « Sl +i = 2/j, «s 2 +i = a;, and k 2s+ 6_ 1 = K 2s+ i = 0. 

Since [ s -h(X 1 ) + ±-±] = s-/i(A 1 ) + ^-l, we have ®^_i(A) = (®°, S3 1 ), where 03° = (a&-|, • • • ,x s+ |-§) 

has s + jj — 1 terms and 53 * = (yi, . . . , y s ). Moreover the elements in the first row of 03 s , i (A ) are obtained 

by adding | to those of 23^ (A ). 
Since the Ki are integers, we have : 

K m+i( A ) = K > ■ ■ • > K 's! > K si + 1 > K ' Sl +2 > ■ ■ ■ > K ' S2 > ^2 + 1 + 2 > K S2+2 5* ' • ' > K ' 2s +|)' 

, f k, + i if it is on the first row of SI, (A ) 
where < = < 2 ., m and 

' I Kj otherwise 

K m+l(M) = («!>•••> «' 8l > ««i+l + 2 > K ^ 1+ 2 > ' ' ' > K ' S2 > ^2 + 1 > 4 2 +2 5* ' ' • > «t)- 

And then it is easily seen that « s ,i(A) < k s +1 (/k) and k s _ i (/x) < k s _i(X ). 

If Xi > j/j then by the same manner we obtain : k s i (jj,) < « s , i (A) and k^_i (A) < K s _i(p)- □ 
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To give the proof of the proposition, we will study the case of a wall - = r + 1, with r even (the proof of the 
odd case is the same). The parameter*? ' = (— r, r+1) belongs to a wall in the right of A_ r = a((^, §), id, +) 
and in the left of A_ r _ 1 = a((| + 1, — 5 — 1), o\ +)■ 
According to the previous lemma and the results of |19[ 3.13] and [U 3.4], we have, if m = (-, 0) then : 

A and/x are in the same block -<=> «m(A) = K m(A*) 

=^> 3Ao=A,Ai,...,A p =/i such that Vi : 

and «^_i(A i+ i) <«^_i(A»)] or 
K+|(Aj>«L+|(Ai+i 2 ) 

aild K m-i( A '+!) > K L-i( A ')]- 

The parameter m— ^ is associated with# G A_ r = a((^f , |), id, +) thus we have to put in relation k s _ i (A j) 

and 7V-r r)(*A,). But m — | = (r + 1 — i,0) = (| + (| + |), — | — | + (§4- 1)), hence according to Theorem 
13.41 we have : 

«m-i(Ai+l)<«W-l(A») ^=^ «?Ji-£-il(Ai+l)<«/r _r_ix(Ai) 

111 2 2 V 2 ' 2 2 / V 2 ' 2 2 / 

«=* r ( ^, 5) ( t A i )<r ( ^ )5) (*A m ) 
^=^ Ai+i <Je A i, 



because s = (-j 1 , |) and m = (5, — £ — |) satisfy m 



.s; 



2 ' 2/ V2' 2- 1> ""'"•""■J "J 2 



The same argument for m + i and G ^4-r-i = a ((§ + lj ~§ — l)i °~: +) shows that : 



.*(*<) <K»+i(Ai+i) <=> «(o )r+ |)(^-Ai)<«( 0jr+ |)(^- A 



>i+lj 



/-,' 



r_r_i £+!)((? -A,-) < «f_ r _ 1 E , k) (a-\ i+1 ) 

\ 2 » 2^2 / v 2 x ' 2^2 / 

T-(5 + i,_5_i)(V-A i+ i)<T(5 + i ) _5_i)(*CT-Ai) 
Ai <2"Aj+i. 



Then we have : 



A and /z are in the same block =>■ 3 A o =A,Ai,...,A p = \i such that Vz 

(Ai <gA l+ i and A i+ i <eAj) 
or (Aj+i <\g\i etXi <i e \ i+1 ), 
<^=^ 3Ao=A,Ai,...,A p =/i such that \/i 
(A; <eAj+i or A; <gAi+i) and 
(Ai+i <g\i or Ai+i <grAj). 



D 



Remark, (i) A direct corollary of this proposition is : 

if A and fi are in the same block for 9 ' in a wall then A <#' \i and \x <v A . 

(ii) The converse is not true. Indeed, for the same data as in the remark following Theorem 14.31 we have 
H <\ e \ and A <gfj, for 6 G a((l, -1), a, +), since r (1 _i)(V -A) = (5,4,1,1) > (4,2,2,2,1) = r (1 _i)(V •//). 
But k! \ (A) 7^ k! q s (jj, ) thus A and // are not in the same block for ' = (0, 1). 
(iii) This result improves the definition of the combinatorial preorder for £ = 2 : 

£ < e / B' ^=^ VAeBetV/ieB' i A<ifl'/'- 

(iv) We hope that this proposition is still true for I > 2 but the proof should be harder. Indeed, we do not 
have an easy description of alcoves for £ > 2 and the proof of our proposition is based on the fact that, for 
£ = 2, the parameter m± | is a translation of (— s, — |)j and that is not true in the general case. Nevertheless, 
a generalization for ^ > 2 of this result would be very interesting in order to generalize the following result. 
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Corollary. Let h'eH and let B, B' be two blocks of CMh'(G(2, l,n)) then we have : 

B -< e > B' => B <\ $/ B'. 
Proof. Let 9 be inside an alcove next to the wall where 9 ' lives. According to Proposition 12. 21 and Theorem 



B -<gi B' <*=► 3 Ai e B,A2,A2,A3, ... andA m e B' such that : 
A i and A \ are in the same block for alH > 1 
Ai <g Aj+i for i odd 
A£ -<e A' i+1 for i even. 

But according to Theorem 14.31 A i -<gX ,+i => A , <\g A j+i, hence using the previous remark, we obtain : 

B -<0i B' => 3 Ai e B,A2,A2,Ag,... and A m € S' such that : 
A i <gi\' i and A [ <g> Xi for alii > 1 
Xi <3e A i+i for i odd 
A'j <gX' i+1 for j even, 

=^> 3 A i G -B,A2,A 2 ,A 3 , . . . and A m E B' such that : 
A i <\g A 2 <e' A 2 <e A 3 <#' ■ • ■ <ie' ^m, 

=^> 3 X\ E B, X m E B' such that A i <\g> X m , 

=> B <g, B'. 

n 

5 Different orders on CM h ,(G(£, e, n)). 

Now it is time to try to generalize all these constructions and properties to the whole family of imprimitive 
reflexion groups. Let e E Z>o be such that e | t and let p — -. Let A(£,e 7 n) be the group of all diagonal 

matrices whose diagonal entries are powers of Q — exp I 2 ' r ^~ 1 j and whose determinant is a p th root of 

unity. The group <5 n , considered as the group of all n x n permutation matrices, normalizes A(£,e,ri) and 
the imprimitive group K = G(£,e,n) is defined to be the semidirect product of A(l, e, n) by & n . Moreover 
if is a normal subgroup of W = G(£, 1, n) and the quotient group W/K is the cyclic group C e . We denote 
by Res the restriction functor C[W] — > C[K]. 

5.1. Let us describe the Calogero-Moser partition of K, following [lj. Let h'grl such that 

H' j+p = H' j , V0^ja-1 

then h' belongs to a GIT wall, H^^K) is a subalgebra of H^iW) and the CMw(K) partition is described 
as follows. 

Theorem (Bellamy). Let B be a block ofCM h >(W). 

(i) IfX is a e-stuttering l-multipartition of n such that B = {A } then 

T(B) := {/x G Irr(K) occurring as a summand of Res A, for X E B} 

is a disjoint union of \C\\ blocks (where C\ is the stabilizer of X in Hom(C e , C*) with respect to X), 
(ii) otherwise T(B) is a CMh'(if) block. 
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Remark. (i)LetA = (A 1 , . . . , X e ) <=V(£,n). WerewriteA asA = (A i, . . . ,A e ) where A* = (A^ 1 ^ 1 , . . 
We say that A is e-stuttering if Ai = Xj for all 1 ^ i,j ^ e. 

(ii) This result comes from [1, 4.11] which can be generalized to the case where W/K is abelian, see |18| . 
(iii) If there exists a e-stuttering £-multipartition of n then e | n. Therefore if e \ n then the Calogero-Moser 
partitions of G(£, 1, n) and G{£, e, n) are in one-to-one correspondence. 

5.2. The e\n case. In order to describe geometrically CMh'(G(l,e,n)) for e j n, we have to find a 
variety A4g>(e,n) such that : 

• there exists a C*-equivariant morphism A^e'(e,n) -t» (f) X \f)/G{£, e, n), 

• (A4g'(e 7 n)) c is in one-to-one correspondence with (Aigi(n)) c . 
But we have the following diagram : 

Mv{n) {t)xt)*)/G(£,e,n) 





(i,xi)*)/G(£,l,n) 

where p corresponds to the quotient by the cyclic group C e ~ G(£, 1, n)/G(£, e, n). Thus we can consider the 
reduced variety associated with the fiber product A4gi(n) X(hxb*)/GU l n) (h x W)/G(£, e, n) : 

Me>(e,n) := {(m,x) £ Me>{n) x (h x t)*)/G(£,e,n), such that 7re',o(w) =p(x)}. 

This variety is the one we were looking for because the only fixed point of (f) x t)*)/G(£, e, n) for the hyperbolic 
C*-action is 0. Therefore, if we consider the diagonal C*-action on Ji4g>(e,n) then 

(Mg,(e,n)f* o (M e >{n)f. 

Moreover, since the following diagram commutes 

Mg'(e,ri) 



Mg.{n) 




(t)xl,*)/G(t,e,n) 



(i,xt,*)/G(£,l,n) 



we have : 



Mg>{n) ~Mg>(e,n)/C e , 

where C e acts on the second component x € (f) X \j*)/G(£,e,n) of A4g>(e,n). 

Proposition. The variety Aig'(e,n) is irreducible. 

Remark. We can construct the variety Mgi(e, n) in the same manner for all parameters e and 9 G 
variety keeps its properties but its fixed points do not describe CMhi(G(£,e,n)) in general. 



This 



Proof. By construction of TTg>fi (see |20[ 2.12]) there exists two open sets U and V such that TTgi \jj : U —t V 
is an isomorphism. Therefore if we denote by / the projection Mg>(e,n) -» M.$'(n) then f~ l (U) is an 
irreducible component of M.$>(e, n) of maximal dimension. Moreover / is a finite morphism thus all the 
irreducible components of Mgr(e, n) are of the form r\ ■ / _1 (C7) with r\ £ C e . But / _1 (C7) is stable under the 
action of C e , thus / _1 (C/) is the unique irreducible component of M.g>(e, n). D 
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The fact that Aig>(n) ~ A4$/(e,n)/C e and that the action of C e on C*-fixed points is trivial imply, 
according to Corollary 12. 2i that the orderings defined on (A4g'(e,n)) c and (A4g>(n)) c by the Bialynicki- 
Birula decomposition are equivalent. Therefore, if we denote by {T(B), B s CMh.i{G{£, 1, n))} the partition 
CMy^i (G(£, e, n)) and if we define the geometric order on GA/h'(G(£, e, n)) in the following way : for T(B). 
T(B') eCM h ,{G(£,e,n)) : 

T(B) -< e >,e T(B') <=> X 6/ ,e{B)<X e/ ,e{B'), 

where Xg^ e (B) is the C*-fixed point of A4gr(e,n) corresponding to T(B), then we have the following result. 

Theorem. Let B, B' be two blocks of CM h ,{G(£,l,n)), then : 

B < 9 , B' <{=> T(B) < 6 °,e T(B'). 

Therefore it is natural to define a combinatorial ordering on CMh'(G(l,e,n)) in the following way : for 

T(B),T(B')eCM h ,(G(£,e,n)): 

r(B)< e ,, e r(B r ) <=> B< e ,B'. 

Moreover, by construction, the c- function is constant inside the Calogero-Moser blocks of a complex reflexion 
group and it is such that : Ch'(-B) = Ch'(T(B)). We can check that this property still holds for the a- 
function on IrrG(£,e,n) and TxiG(£,l,n), according to O Lem. A. 7.1 and prop. 2.3.15]. Thanks to all 
these constructions, it is easy to generalize the results of [ 



Theorem. LetT{B), T(B') be two blocks of CM h ,(G(£,e,n)) then 

T(B)^g,,T(B) => | Ch/(r(B)) > Ch/(r(S0) . 

and for £ = 2 : 

r(B)^ v r(B') =^ r{B)<ig,, e r{B'). 

5.3. An example : G(2, 2, 2) < G(2, 1, 2). To deal with the case e | n we have to blow up some fixed 
points of .Me' (2, 2) (those which correspond to the blocks {A}, when A is e-stuttering). Here we study the 
case £ = n = 2 in order to have an idea of the strategy for the general case. 

We know that (f) x fj*)/G(2, 2, 2) is the product of two cones and that for h' = (1,0), the group 
G(2,l,2) has three blocks : {(2; 0), (0; 2)}, {(11; 0), (0; 11)} and {(1; 1)}. Since the multipartition {(1;1)} 
is 2-stuttering, G(2, 2, 2) has four blocks for this parameter. Hence, in order to describe geometrically the 
blocks of G(2, 2, 2), we have to construct a variety M. such that : 

• there exists a C*-equivariant morphism M. -» (fj x l)*)/G(2, 2, 2), 

• |(M) c *|-4. 

In fact, the crepant resolution : 

M = AVi)(!) xM(o,i)(l) 
satisfies these properties. 
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Thus, in order to generalize this example, we have to put in relation these two varieties : M and Me' (2, 2). 
We have the following diagram : 



M 



M 6 >(2,2) 



l>2 



(r,xff)/G(2,2,2) 



■Me- {2) 



(r,xf)*)/G(2,l,2) 



and if we denote by X the regular set of (f) x f)*)/G(2, 2, 2) and if we suppose that ir$'fi is an isomorphism 
above p(X) (this hypothesis is consistent because 9 ' depends on the variety (() x f)*)/G(2, 2, 2)) then we can 
show that M is the normalization of Me>(2, 2) (see [18] for more details). The idea of the proof consists on 
describing these two varieties as blowups of the singular variety (t) x F)*)/G(2, 2, 2) in order to relate them. 
First at all, the variety M satisfies 

M = {((a,b,c),(a',b',c'),[a:(3:-f:5}) G (rj x ff)/G(2, 2, 2) x P 3 (C), 
07 = ca, aS = c/3, aa = 67, a/3 — bS, a'6 = c'7, a' j3 — c'a, 
a' a = V/3, a'7 = b'5, aS = /3 7 } 

and then it is isomorphic to the blowup of (rj x rj*)/G(2, 2, 2) with respect to /, the maximal ideal which 
describes the singular set of (f) x i)*)/G(2,2,2) = {(a, 6,c, a', &',c') G A 6 (C), a 2 = 6c, a' 2 = 6'c'}, i.e. 
/ =< A, B, C > ■ < A', B', C >. Secondly, under the following hypothesis 



Hypothesis (H). The morphism ire>fl : Me'{2) 



(f) x f)*)/G(2, 1,2) is an isomorphism above p(X). 



and thanks to the definition of Me' (2, 2), it is easily seen that the second projection p 2 : Me' (2,2) — > (rj x 
f)*)/G(2,2,2) verifies the same property. Then, according to [THl 7-17], M$>{2, 2) is the blowup of (t) x 
f)*)/G(2, 2, 2) with respect to J C I and therefore there exists a projective, surjective and C*-equivariant 
morphism 

$ : M — -* AV(2,2). 

The cyclic group G2 acts naturally on M and .Me' (2, 2) thus the existence of $ implies the existence of a 
projective and C*-equi variant morphism 

$ : VW/G 2 — >AV(2,2)/G 2 ~AV(2) 

which is an isomorphism over TTg, l Q (p(X)) by construction. Moreover $ is a bijection between the three fixed 

points of these varieties : indeed for x G (Me'{2)) c , since $ _1 (a;) is projective, it contains one fixed point and 
if z G $ _1 (x) is not fixed then lim r) _>.o i]-z and lim ?? _ i . +00 r\-z are two different fixed points on $ _1 (x) and that is 
impossible. Finally, let a; g>"/ (p(X)) be not fixed, since x G 7r<^ ((r) x {0})/G(2, 1, 2) U ({0} x f)*)/G(2, 1, 2)), 
lim r) _ i .o f] ■ z 01 lim^_j. +00 77 • z exists. Moreover if dim$ _1 (a;) ^ 1, according to [3J Chap AG, 10.3], this limit 
belongs to the closed set J={z£ _A/fe'(2),dim<I>~ 1 (z) ^ 1} but, since this limit is fixed, this is impossible. 
Therefore, for all x g" ^^(^(X)) , the fiber $ -1 (x) is finite and we can conclude thanks to the normality of 
the varieties. Hence, to prove that M is the normalization of Me'{2,2) under the hypothesis (H), we just 
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have to show that M. is the normalization of (M./C2) X([jxf>*)/G(2,i,2) (f) x f)*)/G(2, 2, 2). It follows from the 
following diagram : 



(M/C 2 ) x ( „ xr)/G(2;li2) (f, x ff)/G(2,2,2)] 
(f)xf)*)/G(2,2,2) 



+ M/C2 



(f)xl]*)/G(2,l,2) 



because $ is sujective, A4 is normal and p and pj" have degree 2. 

For general parameters (., e, n such that e | € and e | n, the normalization of M.$i(e, n) could be the 
variety whose C*-fixed points describe CMh»(G(l,e,rj)) because normalizing a variety consists on blowing 
up some subvarieties thus we can expect that the good points could be blown up, moreover the property 
of normality is necessary for the definition of the geometric ordering and, as the Calogero-Moser space 
SpecmZ(_ffh'(G(^, e, n))) is normal, this property could be interesting too, in order to compare these two 
varieties, as in the G(£, 1, n) case. 
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